We study the difference discrete variational principle in the framework of multi-parameter differential approach by regarding the forward difference as an entire geometric object in view of noncomutative differential geometry. By virtue of this variational principle, we get the difference discrete Euler-Lagrange equations and canonical ones for the difference discrete versions of the classical mechanics and classical field theory. We also explore the difference discrete versions for the Euler-Lagrange cohomology and apply them to the symplectic or multisymplectic geometry and their preserving properties in both Lagrangian and Hamiltonian formalism. In terms of the difference discrete Euler-Lagrange cohomological concepts, we show that the symplectic or multisymplectic geometry and their difference discrete structure preserving properties can always be established not only in the solution spaces of the discrete Euler-Lagrange/canonical equations derived by the difference discrete variational principle but also in the function space in each case if and only if the relevant closed Euler-Lagrange cohomological conditions are satisfied. We also apply the difference discrete variational principle and cohomological approach directly to the symplectic and multisymplectic algorithms.
Introduction
It is well known that the symplectic structure plays crucially important role in the both Lagrangian and Hamiltonian formalism for classical mechanics [1] [2] . On the other hand, the multisymplectic structure plays also very important role in the Lagrangian and Hamiltonian formalism for classical field theories [3] [4] [5] [6] [7] . Specially, in the computational science, they are extremely important in the symplectic and multisymplectic algorithms for the finite dimensional Hamiltonian systems [8] [9] and infinite-dimensional [4] [7] respectively. These algorithms are quite powerful and successful in numerical calculations of the relevant systems in comparison with other various non-symplectic/multisymplectic numerical schemes since the symplectic and multisymplectic schemes preserve the symplectic structure and multisymplectic structure of the systems respectively.
Very recently, it has been found [10] [11] that there exist what is called the EulerLagrange cohomology in either classical mechanics or classical field theory and it plays very important role for the symplectic or multisymplectic structure preserving property in each case. It has also been studied the difference discrete version for classical mechanics and field theory mainly in Lagrangian formalism. For this purpose, it has been proposed a difference discrete variational principle by regarding the forward (or backward) difference as an entire geometric object to deal with variation of the difference discrete classical mechanics and field theory [10] [11] . In [12] and [13] [14] [15] , special investigation has been made for the symplectic algorithm as well as the symplectic and multisymplectic structure preserving in simple element method respectively from the cohomological point of view. In [16] , the multi-parameter differential approach has been introduced in order to deal with in the same framework the variation of functional and the exterior differential calculus in the function space, it has been further studied the Euler-Lagrange cohomology and its relation with symplectic and multisymplectic structure preserving properties for classical mechanics and field theory in both the Lagrangian and Hamiltonian formalism. The cohomological approach has also been applied to what are called Hamiltonian-like ODEs and PDEs respectively.
In this paper, we further study in some details the difference discrete variational principle and apply it to action functional not only in the Lagrangian formalism but also in the Hamiltonian formalism. We also study the difference discrete versions for the Euler-Lagrange cohomology, symplectic and multisymplectic structures with their structure preserving properties in the classical mechanics and field theory. We generalize the multi-parameter differential approach for the both variational principle and exterior differential calculus in the function space to the difference discrete variational principle and exterior differential calculus in the function space on difference discrete base space in the Lagrangian and Hamiltonian formalism. It is shown that the difference discrete variational principle gives rise to the difference discrete version of the Euler-Lagrange equations and that of the canonical equations of motion that preserve the symplectic or multisymplectic structures in the Lagrangian and Hamiltonian formalism for the difference discrete mechanics and field theory, respectively. It is also shown that the difference discrete version of the Euler-Lagrange cohomology in each case is nontrivial and that of symplectic and multisymplectic structures are preserved if and only if relevant closed Euler-Lagrange conditions are satisfied without making use of the discrete Euler-Lagrange equations or the canonical ones in general. Although both the difference discrete EulerLagrange equations or the canonical ones do satisfy the difference discrete closed EulerLagrange conditions. Therefore, it is important that these difference discrete version for the symplectic and multisymplectic structure-preserving properties hold in the function space on the configuration space and its tangent space in the Lagrangian formalism or on the phase space in the Hamiltonian formalism with the relevant closed Euler-Lagrange conditions in general rather than in the solution space of the difference discrete EulerLagrange equations or that of the canonical ones only. One of the key issues of this paper that is different from the others is the difference discrete variational principle is first proposed in [10] [11] to get difference discrete Euler-Lagrange equations. As was emphasized in [10] [11] , in view of noncommutative differential calculus, the difference is defined as the (discrete) derivative so that it should be regarded as an entire geometric object. Furthermore, it can also combine together in certain manner as a geometric object to construct the numerical schemes (see section 5). In the difference discrete variational principle approach, this point of view has been carried out. In this paper, this approach is applied not only to the Lagrangian formalism but also the Hamiltonian formalism for the both difference discrete mechanics and field theory. Together with suitable Leibniz law for the differences, it is also directly applied to the derivation of the numerical schemes in symplectic and multisymplectic algorithms.
Second key issue of this paper is about the difference discrete version of the EulerLagrange cohomological concepts and content and their role-played in the symplectic and multisymplectic structure preserving properties. in each case. As a matter of fact, the nontriviality of the difference discrete version for the Euler-Lagrange cohomology plays a crucial role and is directly related to the symplectic and multisymplectic structure preserving properties.
In the course of numerical calculation, the "time" t ∈ R is always discretized, say, with equal spacing τ = ∆t and the space coordinates are also discretized in many cases, especially, for the classical field theory. In addition to these computational approach, there also exist various discrete physical systems with discrete or difference discrete Lagrangian and Hamiltonian functional. It is well known that the differences of functions do not obey the ordinary Leibniz law. In order to explore that the difference discrete symplectic and multisymplectic structures in these difference discrete systems and their structurepreserving properties, some noncommutative differential calculus should be employed, Even for the well-established symplectic algorithm. This is the third key point of this paper. Recently, the noncommutative differential calculus in regular lattice has been employed to deal with the difference discrete phase space for finite dimensional systems with separable Hamiltonian [17] [18] [19] . Similar noncommutative differential calculus will be employed in the present paper.
Another key point of this paper is the multi-parameter differential approach to the difference discrete variational principle and to deal with the exterior differential calculus in the function space. This approach provides the same framework for the both DDVP and EL cohomological approach. It was employed in [16] for the continuous cases. In the present paper we will employ the multi-parameter differential approach for the cases on the difference discrete version of the base space, i.e. the "time" in the difference discrete mechanics and the "spacetime/space" in the difference discrete field theory.
The plan of this paper is as follows. We first explore, in the framework of the multiparameter differential approach, the difference discrete variational principle in the both Lagrangian and Hamiltonian formalism for classical mechanics and classical field theory respectively in section 2. It is shown that difference discrete variational principle with simply modified Leibniz law for the differences offers the difference discrete version for both Euler-Lagrange equations and the canonical equations of motion. In section 3 and 4, also in the framework of the multi-parameter differential approach and using the exterior differential calculus in the function space in the case of difference discrete base space, we deal with such kind of the difference discrete versions of the Euler-Lagrange cohomology as well as the symplectic structure preserving and multisymplectic structure preserving properties in the both Lagrangian and Hamiltonian formalism for classical mechanics and field theory respectively. It is shown that the relevant difference discrete versions of the Euler-Lagrange cohomology in each case is nontrivial and it is directly linked with the difference discrete symplectic and multisymplectic structure preserving properties. We explore in some details the difference discrete variational principle approach and the difference discrete Euler-Lagrange cohomological approach to the symplectic and multisymplectic algorithms in section 5. It is pointed out that the difference discrete the Euler-Lagrange equations, the canonical equations of motion for the classical mechanics and field theory present themselves certain symplectic and multisymplectic schemes respectively. We also show that the Euler midpoint scheme in the symplectic algorithm, the midpoint box scheme for a type of PDEs and the midpoint box scheme for the Hamiltonian field theory in the multisymplectic algorithm can be derived by the difference discrete variational principle with a suitable difference Leibniz law. And the difference discrete Euler-Lagrange cohomology and its relation with the difference discrete symplectic and multisymplectic structure preserving properties offer a cohomological scenario to show whether numerical schemes are symplectic or multisymplectic. Finally, we end with some concluding remarks in section 6. In the appendix, some simple relevant noncommutative differential calculus on regular lattice with equal step-length on each direction are given. For the sake of self-containing in relevant sections, the content for the continuous case is briefly recalled and then the approach is generalized to deal with the difference discrete case.
Variational and difference discrete variational principle in multi-parameter differential approach
In order to consider certain difference discrete versions of the simplectic and multisymplectic structures and their structure-preserving properties in both Lagrangian and Hamiltonian formalism for classical mechanics and field theory, we study the variational principle and difference discrete variational principle in both Lagrangian and Hamiltonian formalism for classical mechanics and field theory and their difference discrete versions, in the framework of the multi-parameter differential approach in this section. We consider the cases in classical mechanics in the subsection 2.1, and that in classical field theory in the subsection 2.2.
The difference discrete variational principle approach was first proposed in [10] [11] with vanishing condition at t k = ±∞ for the infinitesimal variations of coordinates in the configuration space, δq i (t k ), k ∈ Z, in the difference discrete classical mechanics and the corresponding vanishing condition at infinity in 1+1 dimensional or 2 dimensional cases for the infinitesimal variations of a set of generic field variables, δu α(i,j) , α = 1, · · · , r, (i, j) ∈ Z×Z, in the difference discrete classical field theory. As was emphasized, the most important point of the approach is regarding the forward difference or its certain combination in each difference discrete case as an entire geometric object in the sense of noncommutative differential calculus. Of course, if the backward difference is preferred rather than the forward one, the framework is almost the same. The framework of the multi-parameter differential approach has been employed for the continuous case in [16] . We review this approach and generalize it to deal with the difference discrete variational principle.
Variational and difference discrete variational principle in continuous and difference discrete classical mechanics
We begin with recall some content of the multi-parameter differential approach to variational principle for classical Lagrangian mechanics and transfer it to the Hamiltonian formalism. Then we generalize it to deal with the difference discrete variational principle in the both Lagrangian and Hamiltonian formalism for the difference discrete classical mechanics.
Variational principle in multi-parameter differential approach for classical mechanics
Let time t ∈ R 1 be the base manifold, M the n-dimensional configuration space on t with coordinates q i (t), (i = 1, · · · , n), T M the tangent bundle of M with coordinates (q i (t),q j (t)), whereq j (t) is the time derivative of q j , F (T M) the function space on T M.
Variational principle in Lagrangian formalism
The Lagrangian of the systems is denoted by L(q i ,q j ). For simplicity, we suppose that the Lagrangian does not manifestly depend on t. The action functional along a curve q(t) in M, C b a with two endpoints a and b, can be constructed by integrating of L along the tangent of the curve
Let us consider the case that at the moment t both q i (t) andq j (t) variate by an infinitesimal increments and the curve C b a becomes a congruence of curves C ǫa b . The infinitesimal variations of q i andq j in the congruence can be described as follows
where ǫ k , k = 1, · · · , n, are n free parameters that each of them corresponds one direction in the configuration space M, δ k q i (t) and δ kq j (t) infinitesimal increments of q i (t) andq j (t) at the moment t along the direction k in the congruence of curves C ǫa b :
Here the differentials of q i ǫ (t) andq j ǫ (t) with respect to ǫ k in the function space F (T M) are manipulated. Namely, the differentials of q i ǫ (t) andq j ǫ (t) at the moment t in the congruence of curves C ǫa b can be calculated by:
This framework is called the multi-parameter differential approach. Furthermore, the exterior differential calculus in the function space can also be well established in this framework. It should be mentioned that in the standard parameter-differential approach to the variation calculation is usually to introduce only one free parameter along the curve. For the variation calculation it is enough, but it should have more degree of freedom for the exterior differential calculation for the functions and functionals. The multi-parameter differential setting, in fact, offers the same framework to deal with both variation and exterior differential calculation for the functions and functionals.
In the congruence of curves C ǫa b , the Lagrangian now becomes a family of Lagrangian and the same for the action functional:
where the upper-index k of ǫ k is omitted. Hamilton's principle, i.e. the (least) variational principle, seeks the curve C a b ∈ C ǫa b along which the action S is stationary against all variations of q i (t) along any directions. In the multi-parameter differential approach, similar to (3), this can be manipulated by taking differentiation with respect to ǫ k and setting ǫ k = 0 afterwards:
for all δq
It is straightforward to get the differentiation of the action with respect to ǫ
Therefore, the variation of the action along the direction k is given by
The last term in the above equation vanishes due to δ k q i (a) = δ k q i (b) = 0, hence the stationary requirement for S, i.e. the variations of S along any direction should be vanish, yields the Euler-Lagrange equations
Variational principle in Hamiltonian formalism
The action principle can also be carried out on the phase space in the Hamiltonian formalism. In order to transfer to the Hamiltonian formalism, we introduce a family of conjugate momenta from the family of Lagrangian L ǫ
and take a Legendre transformation to get the Hamiltonian in the family
Now the family of the action functionals can be expressed as
The variation of the action functional along the direction k can be calculated also in terms of differentiation with respect to the parameter ǫ k and setting ǫ k = 0 afterwards
Thus, the stationary requirement for the action against all variations along any direction, i.e. δ k S = 0, ∀k = 1, · · · , n together with the fixed endpoint condition lead to the canonical
2.1.2 Difference discrete variational principle in multi-parameter differential approach for discrete classical mechanics
Let us now introduce the difference discrete variational principle [10] [11] for the difference discrete version of the classical mechanics. Here we generalize the multi-parameter differential approach and employ it to deal with the difference discrete variational principle for the difference discrete classical mechanics.
Consider the case that "time" t is difference discretized while the n-dimensional configuration space M k at each moment t k , k ∈ Z, is still continuous and smooth enough. Let us assume, without loss generality, that the "time" t ∈ R be discretized as a set of nodes and links with equal step-length τ = ∆t:
Let N and L be the set all nodes and links with index set Ind(N ) = Ind(L) = Z, M = k∈Z M k the configuration space on T that is still continuous and at least pierce wisely smooth enough. At the moment t k , N k and L k be the set of nodes and links neighboring t k respectively. For example, L k includes two links [t k−1 , t k ] and [t k , t k+1 ] with endpoints (t k−1 , t k , t k+1 ). Let I k the index set of nodes of
the function spaces on each of them respectively, etc.. In the difference discrete variational principle, we will use these notions.
Difference discrete variational principle in Lagrangian formalism
We first study the difference discrete version of the Lagrangian formalism. It is clear that the difference discrete Lagrangian written as
is a functional on
It is the (discrete) derivative and the base of T (T ) in the sense of noncommutative differential calculus on a regular lattice L 1 with equal step-length τ [17] (see also the appendix) and the same notation for it as in the continuous case may be employed if it does not cause any ambiguity.
As was emphasized, in what follows the forward difference is viewed as an entire geometric object and its dual d T t is the base of T * (T ) in the sense
It is well known that the (forward) difference as the discrete derivative does not obey the Leibniz law but the modified one
On the other hand, however, it is important to note (see the appendix) that in the space T * (T ) dual to T (T ), an exterior differential operator d T exists such that
where Ω l T the space of l-forms, l = 0, 1, on T * (T ) and d T does satisfy the Leibniz law:
The action functional in the continuous case (1) now becomes
where the summation is taken over k ∈ Z. We now consider how to calculate the variation of the action functional S D in this case. Since only the "time" is discretized while either the configuration space at each moment t k , i.e. at the node k, or at its neighboring union are still continuous and the variational calculation that will be carried out is mainly local, therefore, the difference discrete variations may still be manipulated in the framework of the multi-parameter differential approach. In addition, as in the continuous case of the classical mechanics, the differential and exterior differential calculus in the function space can also be carried out in either F (T M k ) and F (T M k ), etc.. In order to make use of the multi-parameter differential approach the variations of q i(k) and q t i(k) with the multi-parameter ǫ l should be introduced. At the moment t k , we have
Then the action functional in (22) becomes a family of action functionals
and the variation of the action functional along the direction l
i.e.
By virtue of the modified Leibniz law (19) for ∆ t = ∂ t , we have
Therefore,
Using the properties (see the appendix)
and assuming δ l q i(k) | k±∞ = 0, it follows the discrete Euler-Lagrange equations
It should be mentioned here in general, for the forward difference calculation more general Leibniz law can be adopted and it will lead to more general difference discrete version of the Euler-Lagrange equations. We will explore this issue mainly in the Hamiltonian formalism in the section 5.
Let us consider an example. Example 2.1. A difference discrete classical mechanics Consider a difference discrete version of classical mechanics with following difference discrete Lagrangian:
The difference discrete variational principle gives the discrete Euler-Lagrange equation
This is the difference discrete counterpart of the equation in the continuous case. It has correct continuous limit.
Difference discrete variational principle in Hamiltonian formalism
Now we consider the difference discrete variational principle on the phase space in the difference discrete ("time") Hamiltonian formalism.
To transfer to the difference discrete Hamiltonian formalism, we first define a family of the discrete canonical conjugate momenta
Then a family of the difference discrete Hamiltonian can be introduced through the discrete Legendre transformation in the family
Now the difference discrete version of the action functional in (22) becomes a family of action functionals:
Then the variation of the action along the direction l in (36) can be calculated as
For the differential of S Dǫ in the above equation, we have
(38) Here, the modified Leibniz law (19) has been used. Now, the difference discrete variational principle gives rise to the difference discrete version of the canonical equations of motion (14)
In fact, the first set of equations above can directly be derived from the Legendge transformation (35) and the second set can be gotten from the Legendge transformation (35) and the Euler-Lagrange equations (30). This indicates that the difference discrete variational principle approach to the difference discrete version of classical mechanics is self-consistent.
Let us consider the example 2.1 in the discrete Hamiltonian formalism. Example 2.2. Hamiltonian formalism for the example 2.1. First, the difference discrete conjugate momentum is introduced
The Hamiltonian is introduced through the discrete Legendre transformation
And a pair of difference discrete canonical equations read now
In fact, the time difference discrete derivative of p i (k) can also be derived from the difference discrete Lagrangian and the discrete Euler-Lagrange equation (32).
Variational and difference discrete variational principle in continuous and difference discrete classical field theory
We now study the difference discrete variational principle in Lagrangian and Hamiltonian formalism for the difference discrete classical field theory. For the sake of simplicity, let us consider the 1+1-d and 2-d cases in discrete classical field theory for a set of generic fields u α , α = 1, · · · , r. We first recall the multi-parameter differential approach to the variation of functional in Lagrangian formalism [16] and deal with the Hamiltonian formalism, then generalize it to the difference discrete variational principle for the difference discrete classical field theory in both Lagrangian and Hamiltonian formalism.
Variational principle in multi-parameter differential approach for classical field theory
For the sake of simplicity, let X (1,n−1) be an n-dimensional Minkowskian space as base manifold with coordinates
with a set of generic fields
We also assume these fields to be free of constraints. In fact, the approach here can easily be applied to other cases.
Variational principle in Lagrangian formalism
The Lagrangian of the fields now is a functional of the set of generic fields under consideration:
and the action is given by
where
is the Lagrangian density. In order to apply Hamilton's principle we first consider how to define the variation of the action functional S(u α ) in a manner analog to the case of classical mechanics. In order to achieve this purpose, let us suppose that both u α (x) and u α µ (x) variate by an infinitesimal increments such that at a spacetime point of x the infinitesimal variations of u α and u α µ can be described as follows
where ǫ β , β = 1, · · · , r are free parameters, each of which corresponds one direction in the configuration space M, and
the infinitesimal increments of u α (x) and u α µ (x) along the direction β at the spacetime point x respectively.
On the other hand, similar to the case of classical mechanics, the differential calculus of u α (x) and u α µ (x) in the function space F (T M) can also be manipulated in the framework of the multi-parameter differential approach. Furthermore, the exterior differential calculus in this framework can also be well established. Thus the (exterior) differentials of u α (x) and u α µ (x) in the function space F (T M) at the spacetime point x can be defined as:
Now, the Lagrangian also becomes a family of Lagrangian functionals
and the action S(u α ) becomes a family of functionals as well
Then the variation of the action along the direction β can be manipulated as the derivative of S ǫ with respect to ǫ β and setting ǫ β = 0 afterwards. Namely,
Manipulating the variation of the action functional in this manner and integrating by parts, it follows that
Assuming δ β u α ǫ | ±∞ = 0, and requiring δ β S = 0 along all directions according to Hamilton's principle, then the Euler-Lagrange equations follow:
(52)
Variational principle in Hamiltonian formalism
In order to use the multi-parameter differential approach for the variational principle in Hamiltonian formalism for the classical field theory, we first define a family of a set of "momenta" that are canonically conjugate to the family of field variables
and take a Legendre transformation to get the Hamiltonian density in the family
family of the Hamiltonian then is given by
with the Legendre transformation
The action S(u α ) becomes a family of functionals as well
Then the variation of the action along the direction β can be manipulated as the derivative of S ǫ with respect to ǫ β and setting ǫ β = 0 afterwards as was shown in (50). Namely,
Thus, the canonical equations of motion follow form the stationary requirement of the action principleu
).
(59)
Difference discrete variational principle in multi-parameter differential approach for discrete classical field theory
For the sake of simplicity, we consider the case of 1+1-dimensional spacetime or 2-dimensional space. It is straightforward to generalize for higher dimensional case.
Let
with suitable signature of the metrics be the base manifold, L 2 = X a regular lattice with 2-directions x µ , (µ = 1, 2) on X (1,1) or X (2) , N the all nodes on L 2 that are coordinated by
the pierce of configuration space with a set of generic field variables
with the set of field variables and their differences (u
. For a given node with coordinates x (i,j) , let N (i,j) be the set of nodes neighboring to
It is known that the forward differences along each direction in
They are the bases of T (X ) and the upper-indexes reflect the corresponding coordinates of nodes on X . And their dual dx
As in the previous subsection, the (forward) differences as the discrete derivatives do not obey the Leibniz law but the modified one (19) along each direction. While in the space T * (X ) dual to T (X ), an exterior differential calculus can be introduced (see the appendix) such that there exists an operator d X with the following properties
where Ω l(i,j) is the space of all l-forms in T * (X ) and d X does satisfy the Leibniz law:
It is important to note that although the base manifold is discretized either the configuration space at each node or its neighboring union is still continuous. In addition, the variational calculation that will be carried out is mainly local. Therefore, similar to the case of difference discrete classical mechanics, in what follows the difference discrete variations will be manipulated on the framework of the multi-parameter differential approach.
In addition, as was pointed out in the difference discrete version of classical mechanics, the differential and the exterior differential calculus in the function space can also be carried out in either F (T M (i,j) ) or F (T M X (i,j) ) := N ∈I F (T N ), etc. on the framework of the multi-parameter differential approach.
Difference discrete variational principle in Lagrangian formalism
For the difference discrete version of the classical field theory, the difference discrete Lagrangian denoted as
is a functional in F (T M X (i,j) ). The action functional is given by
Taking the variation of S D by the multi-parameter differential approach, the variation along the direction β is given by
For the sake of simplicity, in what follows we omit the multi-parameters ǫ β in the course of calculation. Thus, we have
Employing the modified Leibniz law (19) for the forward difference, we have
Assuming that δ β u α(k,l) 's vanish at infinity, it follows the discrete Euler-Lagrange equations
Let us consider an example to show that the difference discrete variational principle gives right result.
Example 2.3. A discrete classical field theory with difference discrete Lagrangian
Consider the following discrete classical field theory with difference discrete Lagrangian:
The difference discrete variational principle gives the discrete Euler-Lagrange equation (67) as follows
(70) This is also what is wanted for the difference discrete counterpart of the relevant EulerLagrange equation in the continuous limit.
Difference discrete variational principle in Hamiltonian formalism
Let X
(1,1) be the base space. We first define a set of the discrete canonical conjugate momenta on the tangent space of the set of nodes neighboring to the node x(i, j), i.e. on T (X (i,j) ):
The difference discrete Hamiltonian is introduced through the discrete Legendre transformation
The action functional (65) now is given by
Taking the variation of S D by the multi-parameter differential approach and using the modified Leibniz law, the variation along the direction β is given by
The stationary requirement for difference discrete version of action functional against all variations along any direction gives rise to the difference discrete version of the canonical equations of motion:
It should be noted that the first set of equations above may directly follow from the difference discrete Legendre transformation (72), while the second set from the transformation (72) and the difference discrete Euler-Lagrange equations (67). As in the case of difference discrete version of the classical mechanics, this also indicates that the difference discrete variational principle approach is self-consistent.
Let us consider the example 2.3 in the discrete Hamiltonian formalism.
Example 2.4: Difference discrete Hamiltonian formalism for the example 2.3.
First, a set of the difference discrete conjugate momenta are introduced
Then the Hamiltonian is introduced through the discrete Legendre transformation
And a pair sets of difference discrete canonical equations read now
In fact, the time discrete derivative of π α (i,j) follows from the difference discrete Lagrangian and the discrete Euler-Lagrange equations (69).
3 Euler-Lagrange cohomology, symplectic structure preserving property in continuous and discrete classical mechanics
Now we are ready to study certain difference discrete version of the Euler-Lagrange cohomology, its relations to the simplectic and multisymplectic structures as well as their preserving properties in the classical mechanics and field theory in both Lagrangian and Hamiltonian formalism. In this and the next section, we deal with the case of classical mechanics and field theory respectively. We first recall some content on the issues in the continuous case for the mechanics in subsection 3.1. Then we consider these issues in difference discrete classical mechanics in the Lagrangian and Hamiltonian formalism in subsection 3.2 and 3.3 respectively.
Euler-Lagrange cohomology, symplectic structure preserving property in continuous classical mechanics
By virtue of the multi-parameter differential approach to exterior derivatives in the function space, the Euler-Lagrange cohomology and symplectic structure preserving property in Lagrangian formalism for the classical mechanics has been studied in [16] . We recall the content in 3.1.1 and deal with the the relevant issues in the Hamiltonian formalism in 3.1.2.
Lagrangian formalism
It is obvious but important to note that in manipulating the variation of the action functionalfor the classical mechanics in Lagrangian formalism in the subsection 2.1, the variation of the action is very closely linked with the differential of S ǫ with respect to the free parameters ǫ k in the congruence of curves, i.e. dS ǫ . Furthermore, the exterior differential calculus in the framework of the multi-parameter space can be well established. Namely, in the free multi-parameter space, the standard exterior differential calculus can be introduced. And this multi-parameter exterior differential calculus can also be employed to deal with the exterior differential calculus in the function spaces on M and T M, i.e. F M and F (T M).
Therefore, the integrand in (7) for dS ǫ and the boundary term may be views as 1-forms. And the differential of the family of Lagrangian functions L ǫ := L(q i ǫ (t),q i ǫ (t)) with respect to ǫ k is given by
Let us define a family of the Euler-Lagrange 1-forms and that of the canonical 1-forms
we have
Furthermore, owing to the nilpotency of d with respect to ǫ k in the cotangent space of the congruence of curves on
where ω L is the symplectic 2-form in the Lagrangian formalism defined by
And it does not change if the canonical 1-form transforms as
where β(q i ,q i ) is an arbitrary function of (q i ,q i ). We have established the important and significant issues on the Euler-Lagrange cohomology and symplectic structure preserving law in the Lagrangian formalism. Before enumerating them and exploring their significance, let us investigate the relevant issues in the Hamiltonian formalism.
Hamiltonian mechanics
The above cohomological and other issues in the Lagrangian formalism of the classical mechanics can also be well established in the Hamiltonian formalism. Again the multiparameter differential approach will be employed.
In order to transfer to the phase space of the Hamiltonian formalism, in the subsection 2.1, we introduce a family of conjugate momenta (10) from the family of Lagrangian L ǫ , i.e.
and taken a Legendre transformation to get a set of the Hamiltonian functions in the family in (11), i.e.
. We have also calculated the variation of action functional along the direction k in (13) where the differentiation of a family of action functionals have been taken as follows
Let us introduce a pair sets of canonical Euler-Lagrange 1-form families in the Hamiltonian formalism as follows:
)dp jǫ .
And a family of the canonical 1-forms
Thus, the equation (86) can be expressed as
This equation can be viewed as the equation for 1-forms. Furthermore, due to the nilpotency of d in the multi-parameter differential approach, it is straightforward from
Here ω H is the symplectic 2-form in the Hamiltonian formalism
We may introduce a family of z
infinitesimal variation of z(t) along the direction l in the configuration space. Then the Euler-Lagrange 1-forms in (87) become
where J is a 2n × 2n symplectic matrix. Taking the exterior differential of E zǫ and setting ǫ k = 0 afterwards, it follows that
This is equivalent to the equation (91).
Remarks on Euler-Lagrange cohomology and symplectic structure preserving property in classical mechanics
It is easy to check that under the Legendre transformation (11) all relevant issues in the Lagrangian and Hamiltonian formalism are in one-to-one correspondence. For instance, we have the following equivalent relations:
Therefore, these important issues on the Euler-Lagrange cohomology and the symplectic structure preserving property in two formalisms are corresponding to each other. Let us enumerate these issues in the Hamiltonian formalism.
First, the null canonical Euler-Lagrange 1-forms with ǫ l = 0 give rise to a pair sets of the canonical equations of motion (14) . In terms of z, the null canonical Euler-Lagrange 1-form (95) with ǫ l = 0 gives rise to the canonical equations in z(t):
Secondly, the above null forms are the special case of the coboundary canonical EulerLagrange 1-forms, say,
where α(z,ż) is an arbitrary function of (z,ż) on the phase space.
Thirdly
Fourthly, from the equation (91) 
This means that the symplectic conservation law holds not only in the solution space of the equations of motion as shown in the standard approach [1] [2] but also in the function space with the closed Euler-Lagrange condition [10] [11] .
Finally, it should be mentioned that the Euler-Lagrange cohomological scenario in the Hamiltonian formalism may be performed in two slightly different processes. Namely, it may either start from the exterior derivative of the action functional or begin with the canonical equations. In the second process, the families of the canonical Euler-Lagrange 1-forms (87) and (95) may be introduced directly referring to the corresponding canonical equations (14) and (98) but releasing first all canonical variables from the solution space of the canonical equations (14) and (98) respectively. Then by taking the exterior differential of the families of the canonical Euler-Lagrange 1-forms (87) and (95) and setting the free parameters being vanish afterwards it also follows the theorem 3.1 as was shown in (96).
Discrete
Euler-Lagrange cohomology and symplectic structure preserving property in difference discrete classical mechanics
Difference discrete Lagrangian formalism
Let us first consider the discrete Euler-Lagrange cohomology, its relation to the simplectic structure and its preserving property for the difference discrete classical mechanics in the Lagrangian formalism.
The difference discrete Lagrangian at the moment t k is written as in (16) 
as has been done in the subsection 2.1 in the framework of multi-parameter differential approach, it follows
Using the modified Leibniz law (28) with respect to the forward difference ∆ t = ∂ t defined in (17) and introducing the discrete Euler-Lagrange 1-form as well as the discrete canonical 1-form θ
Due to the nilpotency of d on
Difference discrete Hamiltonian mechanics
Let us now study the symplectic structure preserving property in Hamiltonian formalism for the difference discrete mechanics when the time t is discretized in the manner of last subsection. We start with what has been constructed for the difference discrete mechanics in Lagrangian formalism.
Let us first define the discrete canonical conjugate momentum
Now the difference discrete Hamiltonian can be introduced through the discrete Legendre transformation
A set of canonical equations for the time difference discrete derivative of p (k)
i follow from the difference discrete Euler-Lagrange equations (30) and the above discrete Legendre transformation (108)
From the discrete Legendre transformation, another set of canonical equations for the time difference discrete derivative of q i(k) follow
In terms of z (k) , a pair of the canonical equations (42) become
We now consider the relevant cohomological issues in the difference discrete version of the Hamiltonian mechanics. This time we start from introducing the discrete EulerLagrange 1-forms. To this end, all time discrete canonical variables (q i(k) , p j (k) ) should be released from the solution space of the difference discrete canonical equations (42) or (111). This can easily be realized by means of the multi-parameter differential approach. Thus a pair of discrete Euler-Lagrange 1-forms can be introduced:
or in term of z
By taking the exterior differential of the discrete Euler-Lagrange 1-forms (112) and (113), it is straightforward to prove the following formula
where ω DH (k) is the difference discrete version of the symplectic 2-form at the moment t k given by
We can also start from the exterior differential of
, introduce the discrete Euler-Lagrange 1-forms and the canonical 1-form then take the second exterior differential to get above equations.
Remarks on discrete Euler-Lagrange cohomology and symplectic structure preserving property in classical mechanics
As in the case of continuous classical mechanics, it is easy to check that under the difference discrete version of the Legendre transformation (108) all relevant issues in the difference discrete Lagrangian and difference discrete Hamiltonian formalism are in oneto-one correspondence. In fact, we have the following equivalent relations:
Therefore, for enumerating the important issues on the difference discrete EulerLagrange cohomology and the difference discrete symplectic structure preserving property, we may also work with one formalism, the corresponding issues in another formalism can easily be established. Let us also enumerate these issues in the difference discrete Hamiltonian formalism as follows.
First, the null discrete canonical Euler-Lagrange forms give rise to the canonical equations and they are the special case of the coboundary discrete canonical Euler-Lagrange forms.
Secondly, since the first terms in the definitions (112) and (113) are not exact in general so that the discrete canonical Euler-Lagrange forms are not always exact. Therefore, there exists a nontrivial difference discrete version of the Euler-Lagrange cohomology in discrete Hamiltonian mechanics:
H DCM :={Closed discrete Euler-Lagrange forms}/{Exact discrete Euler-Lagrange forms}.
Thirdly, from the equation (114) it follows straightforwardly the following theorem for the necessary and sufficient condition of the difference discrete symplectic structure preserving law.
Theorem 3.2:
The difference discrete symplectic structure preserving equation
holds if and only if the discrete Euler-Lagrange forms are closed:
Fourthly, the difference discrete symplectic structure preserving law holds in the function space associated with the difference discrete version of the closed Euler-Lagrange condition in general rather than in the solution space of the canonical equations only.
Finally, all these issues can be reached by taking the exterior differential of p i (k+1)qi(k) − H D (k) first, then introducing the discrete Euler-Lagrange 1-forms and discrete canonical 1-form. The theorem 3.2 follows from d
In fact, in the difference discrete version of the Lagrangian formalism, it has started and progressed in this manner.
4 Euler-Lagrange cohomology, multisymplectic structure preserving property in continuous and difference discrete classical field theory
We now study the discrete Euler-Lagrange cohomology and its relation to the discrete multisymplectic structure in discrete classical field theory. In order to self-contained, we first recall the the content on Euler-Lagrange cohomology and multisymplectic structure preserving property in continuous classical field theory [10] [11] as well as the multiparameter differential approach to the exterior differential in the function spacein the subsection 4.1 for the both Lagrangian and Hamiltonian formalism. For the sake of simplicity, for the difference discrete cases, let us consider the 1+1-d and 2-d cases in discrete classical field theory for the a set of generic fields u α without constraints in the Lagrangian and Hamiltonian formalism respectively in the subsection 4.2.
Euler-Lagrange cohomology, multisymplectic structure preserving property in continuous classical field theory
We recall some content on the Euler-Lagrange cohomology and its relation to the multisymplectic structure preserving property in both Lagrangian and Hamiltonian formalism for continuous classical field theory by means of the multi-parameter differential approach.
Classical field theory in Lagrangian formalism
In the multi-parameter differential approach to the variation of the action of the classical field theory in subsection 2.2.1, the variation along the direction β of the action has been given by the equation (50), i.e.
It ia shown that the differentiation of the action functional with respect to the free parameters ǫ β is given by
Note that the integrand in the above equation is an equation for 1-forms:
Let us define a family of the Euler-Lagrange 1-forms
and n sets of 1-forms that each set corresponds to a family of canonical 1-forms
Then the equation (119) becomes
Furthermore, due to the nilpotency of d with respect to ǫ k , taking the second exterior differential of L ǫ (u 
where ω L µ are n symplectic structures defined by
And they do not change if the set of n canonical 1-forms transform as
is an arbitrary function of (u α , u α µ ).
Classical field theory in Hamiltonian formalism
All steps that have been progressed in the Lagrangian field theory can also be well progressed very similarly in the Hamiltonian formalism. In order to do so, we first define a set of "momenta" that are canonically conjugate to the field variables π β (x) = ∂L ∂u β , and take a Legendre transformation (54) to get the Hamiltonian density
Let us consider the action S(u α )becoming a family of functionals as follows
The differential of S ǫ can be calculated in the multi-parameter differential approach and the integrand's differential dL ǫ reads
Introducing a pair sets of the canonical Euler-Lagrange 1-forms in the Hamiltonian formalism
and n-canonical 1-forms
then we have
Due to the nilpotency of d, d 2 L ǫ | ǫ β =0 = 0, it is straightforward to get the following formula:
where ω 0 and ω a a set of n symplectic 2-forms
Remarks on Euler-Lagrange cohomology and multisymplectic structure preserving for classical field theory
It is easy to find that, similar to the case of classical mechanics, under the Legendre transformation (54) all relevant issues in the Lagrangian and Hamiltonian formalism are in one-to-one correspondent equivalent. In fact, we have also the following equivalent relations:
Lagrangian f ormalism Hamiltonian f ormalism
Therefore, for enumerating the important issues on the Euler-Lagrange cohomology and the multisymplectic structure preserving property in classical field theory, we may work with one formalism, then the corresponding issues in another formalism are indicated automatically. Let us this time enumerate and verify these relevant issues in the Lagrangian formalism.
First, if the Euler-Lagrange 1-form in (120) is null with ǫ β = 0, i.e.
it gives rise to the Euler-Lagrange equations (52).
Secondly, E ǫ (u α ǫ , u α µǫ ) = 0 is a special case of the coboundary Euler-Lagrange 1-forms
where α ǫ (u Thirdly, if the Lagrangian density L in (48) changes to L ′ by adding certain term
where V(u α ) is an arbitrary function of u α , the equation (119) changes to
by changing L to L ′ in the expressions, while a set of n canonical 1-forms θ µ have not been changed because V(u α ) does not depend on u α µ . In fact, the Euler-Lagrange equations have been changed by adding a potential-like term that does not depend on u α µ . This means that even if by adding a coboundary term, the Euler-Lagrange equations do change and the set of canonical forms may still be the same as before. Furthermore, the canonical transformations or the multisymplectic mappings that preserve the Euler-Lagrange equations, correspondingly the canonical equations in the Hamiltonian formalism, and Euler-Lagrange 1-forms as well as the multi-symplectic structures form invariant. This will lead to the issues on the generating functions, its relation to the Euler-Lagrange cohomology and so on. We will explore these issues elsewhere.
Fourthly, from the equation (119) it is easy to see that E ǫ (u It is interesting to see that if we introduce a new 2-form
Then Ω may be viewed as a U(1)-like curvature 2-form while the Euler-Lagrange 1-form the U(1)-like connection 1-form. Therefore, the closed Euler-Lagrange condition is nothing but the flat connection condition. On the other hand, if for some reason that the multisymplectic conservation law is broken then the broken pattern may be described by the curvature 2-form Ω. There is a similar issue in the finite dimensional case as well. It is also important to notice that the multisymplectic structure preserving property is directly linked with the closed Euler-Lagrange condition. And although the null EulerLagrange 1-form, the coboundary Euler-Lagrange 1-forms satisfy the Euler-Lagrange condition, it does not mean that the closed Euler-Lagrange 1-forms can always be exact as was pointed out above. In addition, u α (x)'s in the Euler-Lagrange condition are not in the solution space of the Euler-Lagrange equations only in general. Therefore, the multisymplectic structure preserving property, i.e. the conservation law of the set of n symplectic 2-forms ω µ , holds not only in the solution space of the field equations but also in the function space with the closed Euler-Lagrange condition in general.
Analog to the case of classical mechanics, there is also an another slightly different way to deal with the issues on the Euler-Lagrange cohomology and the multisymplectic structure preserving property. Namely, either taking the exterior differential of the Lagrangian first, or directly starting from the Euler-Lagrange equations (52). By means of the multi-parameter differential approach, it is easy to release all field variables form the solution space of the Euler-Lagrange equations to the function space F (T M) and introduce a family of the Euler-Lagrange 1-forms (120) associated with the equations (52). Then by taking the exterior differential of the Euler-Lagrange 1-forms and setting ǫ α = 0, it is straightforwardly to re-derive the theorem on the necessary and sufficient condition for the multisymplectic structure preserving law.
Discrete Euler-Lagrange cohomology and multisymplectic structure preserving property in discrete field theory
For the sake of simplicity, we consider the cases of 1+1 or 2 dimensional base manifold. Let X 1,1 or X 2 with suitable signature of the metrics be the base manifold, L 2 a regular lattice with 2-directions x µ , (µ = 1, 2) on X 1,1 or X 2 , M D the configuration space with u α(i,j) ∈ M D and so forth as before.
Discrete classical field theory in Lagrangian formalism
The difference discrete Lagrangian for a set of the generic fields
and making use of the modified Leibniz law (28), in the framework of multi-parameter differential approach, we get
where E D (i,j) are the discrete Euler-Lagrange 1-forms defined by
and θ DL µ(i,j) are two canonical 1-forms:
It is easy to see that there exist two symplectic 2-forms on T * (M X (i,j) ):
) leads to the discrete multisymplectic structure preserving property, i.e. the conservation law or the divergence free equation of ω µ(i,j) :
Discrete classical field theory in Hamiltonian formalism
Let us now study the difference discrete classical field theory in Hamiltonian formalism in the case of the spacetime/space x µ , µ = 1, 2, are discretized in the manner of last subsection while the configuration space at each node of the relevant lattice L 2 with coordinates x(i, j), (i, j) ∈ Z × Z and the ones on its neighboring are still continuous.
In order to transfer to the difference discrete version of the Hamiltonian formalism, we first define a set of the discrete canonical conjugate momenta on the tangent space of the set of nodes neighboring to the node x(i, j), i.e. on T (X (i,j) ):
The time difference discrete derivative of π α(i,j) follow from the discrete Euler-Lagrange
Now the difference discrete Hamiltonian is introduced through the discrete Legendre transformation
The difference discrete version of action functional is given by
The differential of each term can be calculated in the multi-parameter differential approach
Now we introduce the difference discrete version of the canonical Euler-Lagrange 1-forms
and the difference discrete version of two canonical 1-forms
Thus the equation (151) becomes
Now due to the nilpotency of d, d 2 L Dǫ (i,j) | ǫ β =0 = 0, it follows the equation for difference discrete multisymplectic structure preserving property:
where ω DH 0(i,j) and ω DH 1(i,j) are two symplectic 2-forms:
Remarks on discrete Euler-Lagrange cohomology and multisymplectic structure preserving property in discrete field theory
It is clear that similar to the case for the classical field theory we have also the following equivalent relations between the difference discrete versions of the Lagrangian and Hamiltonian formalism for the difference discrete classical field theory:
Let us enumerate and verify relevant important issues on the discrete Euler-Lagrange cohomology and difference discrete multisymplectic structure preserving property in the difference discrete Lagrangian formalism.
First, the null discrete Euler-Lagrange 1-form corresponds to the discrete Euler-Lagrange equations and it is a special case of coboundary discrete Euler-Lagrange 1-forms
where α D (i,j) an arbitrary function on F (T * M X (i,j) ). Secondly, although they satisfy the discrete Euler-Lagrange condition, it does not mean that all closed discrete Euler-Lagrange 1-forms are exact. As a matter of fact, from the equation (142) it is easy to see that the Euler-Lagrange 1-forms are not exact in general since the two canonical 1-forms θ D µ(i,j) , (µ = 1, 2) are not trivial. Therefore, for a given difference discrete field theory, there exists a nontrivial difference discrete version of the Euler-Lagrange cohomology:
Thirdly, from the equations (146) and (155) it follows the theorem on the necessary and sufficient condition for the difference discrete multisymplectic structure preserving law:
The difference discrete multisymplectic structure preserving law 
In addition, this also indicates that the variables u α(k,l) 's etc. in the cohomology are still in the function space rather than the ones in the solution space only. Consequently, this means that the difference discrete multisymplectic structure preserving law holds in the function space with the closed discrete Euler-Lagrange condition in general rather than in the solution space only.
Finally, it should be mentioned that all these issues can be straightforward to generalize to higher dimensional cases of spacetime X 1,n−1 or space X n as base manifold.
Difference discrete variational principle and discrete Euler-Lagrange cohomological approach to symplectic and multisymplectic algorithms
It is worthwhile to show that the difference discrete variational principle and the cohomological scenario described in the previous sections for the difference discrete mechanics as well as for the discrete classical field theory in the both Lagrangian and Hamiltonian formalism can be directly applied to the numerical schemes in the symplectic and multisymplectic algorithms respectively.
As a matter of fact, the difference discrete versions of the Euler-Lagrange equations and the canonical equations of motion in the both Lagrangian and Hamiltonian formalism offer themselves the numerical schemes in symplectic and multisymplectic algorithms for the difference discrete version of the classical mechanics and the difference discrete version of the classical field theory respectively.
In addition, as has been pointed out in [16] that the Euler-Lagrange-like cohomological approach may also be applied to the so-called Hamiltonian-like ODEs and PDEs respectively. Therefore, for the difference discrete versions of these Hamiltonian-like ODEs and PDEs the difference discrete variational principle and the difference discrete version of the cohomological approach may also be available.
We investigate the relevant issues for the symplectic algorithm first in the subsection 5.1, and the relevant issues in the multisymplectic algorithm first in the subsection 5.2.
Difference discrete variational principle and discrete cohomological approach to symplectic algorithm
As in the case of both Lagrangian and Hamiltonian formalism for classical mechanics, the above-established difference discrete variational principle and the discrete cohomological scenario in the difference discrete Lagrangian and Hamiltonian formalism for classical mechanics should be directly applied to the difference discrete versions of ODE's with Lagrangian and/or Hamiltonian and to the numerical schemes for the symplectic algorithm. In this section we study this topic. We first consider how to apply the difference discrete variational principle to the numerical schemes in symplectic algorithm in the subsection 5.1.1. Then we show the difference discrete version of the Euler-Lagrange cohomological scenario offers how to justify a scheme is symplectic in subsection 5.1.2.
Difference discrete variational principle and symplectic algorithm
Let us first note that both the difference discrete versions of the Euler-Lagrange equations (30) in the Lagrangian formalism and the difference discrete versions of the canonical equations (42) or (111) in the Hamiltonian mechanics are derived from a relevant difference discrete variational principle in the framework of the multiparameter differential approach. These difference discrete equations may in fact offer certain numerical schemes and are automatically symplectic.
In the difference discrete Lagrangian formalism case, the discrete Euler-Lagrange equa-
Their offering a numerical scheme that is symplectic can be seen manifestly from the difference discrete Euler-Lagrange equations (32) in the example 2.1:
For given initial values of q i(k=0) , q i(k=1) , the equations give rise to q i(k=2) and so on. For the Lagrangian (31) this is in fact a simplest scheme that preserves, in the sense of time difference discrete, the symplectic structure. This has been proved in the subsection 3.1.
For the case of difference discrete Hamiltonian mechanics , the difference discrete canonical equations in the (42) or (111) read
and
They also offer a set of numerical schemes in difference discrete Hamiltonian formalism and preserve the symplectic structure in the sense of time difference discrete. This has been proved in the subsection 3.1 as well.
In fact, in the multi-parameter differential approach to difference discrete variational principle, it is easy to see why the difference discrete variational principle offers the numerical schemes that are automatically symplectic. It has been shown that the variations of the difference discrete action functionals are calculated by taking the differential of the difference discrete action functionals and setting ǫ k = 0 afterwards, i.e. dL Dǫ | ǫ k =0 in the Lagrangian formalism and d(p i ∆ t q i − H) Dǫ | ǫ k =0 in the Hamiltonian formalism. As was shown in the subsections 2.1 and 3.1, the stationary requirement of difference discrete variational principle leads to either difference discrete Euler-Lagrange equations or difference discrete canonical equations of motion. Furthermore, the second exterior differentials of the difference discrete action functionals lead to the symplectic structure preserving law.
Let us consider the Euler mid-poind scheme. We find that there exists a difference discrete action functional for the scheme.
The difference discrete Lagrangian of the scheme can be given by
Note that at the moment t k q i(k+ ) and ∆ t q i(k) are the coordinates and the tangents for the scheme.
Then the discrete canonical momenta conjugated to the coordinates can be defined as
The discrete Legendre transformation is given by
The difference discrete action functional of the scheme is given by
Let us take the variation of this difference discrete action functional in the framework of the multi-parameter differential approach, i.e. the variation along the direction l is manipulated by
Eventually, the differential of each term under the summation of S mdpt is given by
Note that here the following generalized modified Leibniz law [26] (see also the appendix) has been used:
The first equality in the above equation is the definition for the forward difference, while the second can be easily proved.
It is now clear that the stationary requirement of the difference discrete variational principle leads to the Euler mid-point scheme as follows:
Thus we have shown that the Euler mid-point scheme is a difference discrete variational scheme with corresponding (dependent) difference discrete variables and suitable Leibniz law for the difference.
Discrete cohomological approach to symplectic algorithm
We now consider how to apply the difference discrete version of the Euler-Lagrange cohomological approach to the numerical schemes in symplectic algorithm.
In the standard approach, it is commonly accustomed to regarding a numerical scheme as a (time-discrete) mapping. In order to justify whether a given numerical scheme is symplectic, the standard approach is to see whether this mapping is symplectic preserving and the verification is always carried out in the solution space of the scheme [8] [9] . In the difference discrete version of the Euler-Lagrange cohomological approach, however, instead of working on the solution space, it is working on the function space with the relevant cohomological issues. Analog to the case for the difference discrete classical mechanics, there are two slightly different ways to apply the cohomological approach. Namely, one is based upon the difference discrete variational principle for the schemes and taking second (exterior) differential of the action functional to get the necessary and sufficient condition for the symplectic structure preserving property of the scheme. Another is to release the scheme away from the solution space, even if the solution space does exist, and to introduce some suitable difference discrete Euler-Lagrange 1-forms associated with the scheme such that the null difference discrete Euler-Lagrange 1-forms give rise to the scheme. Then by taking the exterior derivative of the difference discrete Euler-Lagrange 1-forms to see whether follows a time-discrete symplectic structure preserving law.
We will consider some examples to show how the cohomological scenario works. Let us first retain to the mid-point scheme (168) and follow-up by the cohomological approach.
It is clear that by introducing the discrete Euler-Lagrange 1-forms
and the difference discrete canonical 1-form for the scheme:
the equation (166) becomes
By taking exterior differential of the above equation (171)
where ω mdpt (k) = dp i (k) ∧ dq i(k) . Since the null Euler-Lagrange 1-forms of (169) give rise to the scheme and automatically satisfy d(E q + E p ) (k) = 0, while the latter leads to the symplectic conservation law from (172):
Therefore, the midpoint scheme is symplectic.
On the other hand, we can also start directly from the the mid-point scheme in terms of z (k) :
This time we release the scheme form the solution space first, even if it does exist. This can be treated by the multi-parameter differential approach. For simplicity, we suppose this has been done already. Then we introduce a difference discrete Euler-Lagrange 1-form for the scheme
such that the null discrete Euler-Lagrange form gives rise to the scheme. Then by taking the exterior differential of E zmdpt (k) in the function space, it follows
Therefore, the difference discrete symplectic structure preserving law
holds if and only if the discrete Euler-Lagrange form is closed:
Furthermore, due to the exact forms do not change the closed condition, the null form may be redefined by adding certain exact forms so that the scheme may be generalized to a type of schemes while the difference discrete symplectic structure preserving law is the same.
It is also interesting that this issue offers a way to generalize the scheme to the high order ones while the difference discrete symplectic structure preserving law is the same.
Let us consider the 4-th order symplectic scheme as follows [22] :
Introduce a new "Hamiltonian" H
then this 4th-order symplectic scheme becomes
The discrete Euler-Lagrange 1-form associated with this case now can be introduced:
It is easy to check that these two discrete Euler-Lagrange forms differ by an exact form:
). This means that they are cohomologically equivalent. In addition, this also indicates that the 4-th order midpoint scheme is difference discrete variational as well.
Difference discrete variational principle and discrete cohomological approach to multisymplectic algorithm
As in the case of both Lagrangian and Hamiltonian formalism for classical field theory, the scenario of the above-established difference discrete variational principle and cohomological approach to the difference discrete Lagrangian and Hamiltonian formalism for classical field theory should be directly applied to the difference discrete versions of PDEs with Lagrangian and/or Hamiltonian and to the numerical schemes for the multisymplectic algorithm.
Difference discrete variational principle and multisymplectic algorithm
In this part of the subsection, we first point out that the difference discrete field equations derived by the difference discrete variational principle themselves offer numerical schemes for the multisymplectic algorithm. We also derive a new scheme for the difference discrete Hamiltonian formalism by the difference discrete variational principle with the generalized modified Leibniz law (167).Then we study how to apply the difference discrete variational principle approach to the numerical schemes for the Hamiltonian-like PDEs named in [16] . A type of so-called Hamiltonian PDEs proposed first in [4] (see also [21] ) are in fact a type of the Hamiltonian-like PDEs.
As was just mentioned, the difference discrete Euler-Lagrange equations (67) derived via the difference discrete variational principle in the difference discrete Lagrangian formalism for classical field theory, i.e.
offer themselves a numerical scheme that preserves the multisymplectic structures for the 2-dimensional spacetime/space in difference discrete version. For the difference discrete Hamiltonian formalism of the field theory, the difference discrete canonical equations (75) derived via the difference discrete variational principle, i.e.
also offer themselves a set of numerical schemes for the multisymplectic algorithm. It has been proved in the subsection 4.2 that they preserve the multisymplectic structures as well for the difference discrete spacetime/space. In the last subsection, it was shown that by the difference discrete variational principle with the generalized modified Leibniz law the Euler midpoint-scheme had been derived from a difference discrete action functional. Similarly, the same generalized modified Leibniz law (167) can be employed to construct the numerical schemes for the multisymplectic algorithm. Let us consider the case in the difference discrete Hamiltonian formalism for the difference discrete field theory.
We introduce the difference discrete conjugate momenta
is the difference discrete Lagrangian density with suitable discrete variables u
,j) , and
The difference discrete Hamiltonian density via the difference discrete Legendre transformation
,j) ).
Now the difference discrete action functional is given by
The variation of S D can be manipulated in the framework of multiparameter differential approach and the differential of L D (i,j) with respect to ε β can be calculated to get
where the notation
and the generalized modified Leibniz law (167) for the both ∆ t and ∆ x have been adopted. Now the stationary requirement against all variations along any direction of difference discrete variational principle leads to a new scheme, which may be called the midpoint box scheme, in the difference discrete Hamiltonian field theory, with assuming variations of both u β(i,j+ 1 2 ) and u β(i+ 1 2 ,j) vanish at infinity, as follows:
together with
In fact, it is shown that this midpoint box scheme can be derived via the difference discrete variational principle with the generalized modified Leibniz law (167).
Finally, let us derive the midpoint box scheme for a type of PDEs [4] by means of the difference discrete variational principle with the generalized modified Leibniz law (167):
where the same notations in [4] have been used and
It can be shown [16] that there is an action functional for the PDEs (189)
where L is the Lagrangian density, and the PDEs (189) can be reached by the variational principle of action functional as the Euler-Lagrange equations. Let us now consider its difference discrete version formulation. First, introduce the difference discrete Lagrangian density as follows
) is taken as the coordinates in the configuration space on the note (i, j) in the difference discrete spacetime, ∆ t Z (i,j+ 1 2 ) and ∆ x Z (i+ 1 2 ,j) the ones on the tangent space of the configuration space. In the difference discrete variational principle, they are regarded as variables to be variated. Now the action functional becomes
The variation of S D along the direction β in the configuration space of the system can be calculated in the framework of multi-parameter differential approach
It is straightforward to get the differential with respect to ε β for each term under the summation
Here the variables Z ,j) are regarded as the variational variables, the multi-parameter ε β are omitted and the generalized modified Leibniz law (167) for the differences are adopted.
Then the stationary requirement against all variations along any direction of difference discrete variational principle leads to the midpoint box scheme, with assuming variations of both Z (i,j+ 1 2 ) and Z (i+ 1 2 ,j) vanish at infinity, as follows:
Thus, it is proved that the midpoint box scheme for the type of PDEs in [4] can also be derived via the difference discrete variational principle.
Cohomological approach to multisymplectic algorithm
Similar to the case for symplectic algorithm, it should be emphasized that in the conventional approach to the multisymplectic algorithm, it is commonly accustomed to regarding a numerical schemes as a set of (spacetime/space-discrete) mappings. In order to justify whether a set of given numerical schemes are multisymplectic, the usual approach to the multisymplectic algorithm is to verify this set of mappings are multisymplectic preserving and the verification is always carried out in the solution space of the schemes (see, for example, [4] [7] ). In the difference discrete version of the Euler-Lagrange cohomological approach, however, instead of working on the solution space, it is first to release the schemes away from the solution space, even if the solution space does exist, and introduce some suitable difference discrete Euler-Lagrange 1-forms associated with the schemes such that the null difference discrete Euler-Lagrange 1-forms give rise to the schemes. Then by taking the exterior derivative of the difference discrete Euler-Lagrange 1-forms to investigate whether it leads to a spacetime/space-discrete multisymplectic structure preserving law.
We first show the multisymplectic property of the midpoint box scheme (188) in the cohomological approach.
Introducing the difference discrete Euler-Lagrange 1-forms
and difference discrete canonical 1-forms
the equation (186) can be rewritten as
Taking the exterior differential again, due to the
Concluding remarks
A few remarks are in order: 1. The difference discrete variational formalism widely employed in this paper is different from the one of the Veselov type for the discrete classical mechanics [23] [24] . It has been emphasized that the difference as discrete derivative is an entire geometric object. The discrete integrants can also combine together in certain manner as a geometric object to construct some numerical schemes as was shown in the section 5. This is more obvious and natural from the viewpoint of noncommutative geometry. In the continuous limit, the results given here by the difference discrete variational principle lead to the correct continuous counterparts.
It is shown that the difference discrete variational principle works for the difference discrete version of classical mechanics and field theory in the both Lagrangian and Hamiltonian formalisms that present themselves as symplectic or multisymplectic numerical schemes and furthermore for other numerical schemes in both symplectic and multisymplectic algorithms respectively. And the role-played by the different Leibniz laws for the differences are quite important in constructing the numerical schemes. As a matter of fact, all numerical schemes in symplectic and multisymlectic algorithms should be derived by virtue of the difference discrete variational principle together with the suitable Leibniz law for differences. We will publish our further investigation on this issue elsewhere [26] .
2. The cohomological approach adopted in this paper to the symplectic and multisymplectic geometry and their difference discrete versions in the both Lagrangian and Hamiltonian formalism for the classical mechanics and field theory had been missed in other approaches (see, for example, [ [7] ). The Euler-Lagrange cohomological concepts and their difference discrete versions, such as the Euler-Lagrange 1-forms, the null Euler-Lagrange 1-forms, the coboundary Euler-Lagrange 1-forms as well as the closed Euler-Lagrange conditions and their difference discrete versions, have been introduced and they have played very crucial roles in each case to show that the symplectic and multisymplectic structure preserving properties. It has been show that the necessary and sufficient condition for symplectic and multisymplectic structure preserving property in each case is the related closed Euler-Lagrange condition being satisfied. Therefore, these symplectic and multisymlectic structure preserving properties hold in the function space with the relevant Euler-Lagrange condition in general rather than in the solution space only. Although either the Euler-Lagrange equations and the canonical equations or the different difference discrete versions of them do preserve the relevant symplectic and multisymplectic structures.
It should pointed out that the content of the Euler-Lagrange cohomology and the roles played by the cohomology in each case should be further studied not only in classical level but also in quantum level. And needless to say, this cohomological scenario should also be tried to apply to other kinds of the mechanics and field theories such as the ones with different types of constraints and so on so forth.
3. As was shown in the text, the variational principle/difference discrete variational principle and the cohomological approach form a connecting link between the preceding and the following in either continuous or difference discrete case. And the multi-parameter differential approach provides a common framework for both of them.
It has been emphasized that both the variational principle including difference discrete variational principle and the Euler-Lagrange cohomological approach including its difference discrete version can be directly applied to the ODEs and PDEs and their discrete versions, which offer themselves certain numerical schemes in the symplectic and multisymplectic algorithms, no matter whether there are known Lagrangian and/or Hamiltonian associated with. In fact, the action functional may be constructed for certain types of ODEs and PDEs. Thus, the variational principle/difference discrete variational principle and the scenario of the cohomological approach are also available.
As was emphasized, in the cohomological approach it is always to release the ODEs, PDEs and numerical schemes away from their solution spaces and to work on the relevant function space rather than on the solution space even if it does exist. In the standard or conventional approaches to the numerical schemes in symplectic and multisymplectic algorithms, however, in order to show whether a given scheme is symplectic or multisymplectic, it is always working on the solution spaces. The implication of this difference is quite clear.
4. Some simple noncommutative differential calculus on the regular lattices are employed in our approach. Since the base space coordinates t or xs are difference discretized and differences do not satisfy the ordinary commutative Leibniz law for the differential, in order to study the symplectic and multisymplectic geometry in these difference discrete systems it is natural and meaningful to make use of the noncommutative differential calculus.
5. The difference discrete version of the classical mechanics and field theory can be further generalized. What have been studied so far is the time discrete classical mechanics and spacetime/space discrete classical field theory, while the configuration spaces at each moment of t k in the discrete mechanics and the one at each node of the discretized spacetime/space on the lattice and so on are still continuous. As a matter of fact, these may be generalized to the case that the configuration spaces at each moment and/or node are also discretized. For the Hamiltonian mechanics, this is closely related to the case of difference discrete phase space approach to the systems with separable Hamiltonian [17] [18].
6. Finally, it should be mentioned that there are lots of other problems to be further investigated.
where ∂ t is the derivative with respect to the generator t given by (∂ t f )(a) ≡ R t f (a) − f (a) = f (a · t) − f (a).
(211)
The dual space of V , the space of 1-form, is Ω 1 = span{χ t } that is dual to V :
The whole differential algebra Ω * can also be defined as Ω * = n=0,1 Ω n with A = Ω 0 .
Let us define the exterior differentiation in Ω * such that d : Ω 0 → Ω 1 . It acts on a 0-form f ∈ ω 0 = A is as follows
Now, the following theorem can straightforwardly be proved. Theorem: The exterior differential operator d is nilpotent and satisfies
if and only if
This theorem indicates that the ⊗-product should be defined as ∧-product and χ t , the base of Ω 1 , can be denoted as dt. As was shown here, in order to establish a well-defined differential algebra, it is necessary and sufficient to introduce the noncommutative property of the multiplication between function and 1-form.
The conjugation * on the whole differential algebra Ω * and metric on discrete Abelian group can also be defined.
In the case that the Abelian group is a discrete translation group with one generator on R 1 , the action of the group generates a discrete chain L 1 with equal step-length. In the function space on L 1 , the integrals can be defined (see, for example, [25] ) as follows:
Secondly, the definitions and relations given above for the noncommutative differential calculus on the regular lattice L m are at least formally very similar to the ones in the ordinary commutative differential calculus on R m . The differences between the two cases are commutative or not.
Similarly, the contraction between forms and differences can be defined as the same as the one in R m :
where X f is the Hamiltonian vector field of f . The Hodge * operator and the co-differential operator
on the regular lattice L m can also be defined similarly as the ones on R m (see, for example, [25] ). Consequently, The Laplacian on the lattice L m may also given by
It is in fact the discrete counterpart of the Laplacian ∆ on R m . For other objects and/or properties on R m , there may have the discrete counterparts on L m as well. For example, the null-divergence equation of a form ω on R m reads δα = 0.
Its counterpart on the lattice L m is simply
This is the right forward difference version of the divergence-free equation. The discrete version of the integral on L m can also be defined (see, for example, [25] ). In the case of L 1,m ∈ R 1,m with Lorentz signature, these equations become the conservation law of α and its difference version of α L . This is available not only for the symplectic geometry and symplectic algorithms but also the multisymplectic geometry and multisymplectic algorithms as well. It should be emphasized that for the difference discrete counterparts on the lattice, they obey the noncommutative differential calculus on the lattice L m rather than the commutative differential calculus on R m . This is the most important point.
